Abstract. In this work, we prove that if a triangular algebra A admits a strongly simply connected universal Galois covering for a given presentation then the fundamental group associated to this presentation is free.
Introduction
Let A be a finite dimensional k-algebra over an algebraically closed field, k. We denote by mod A the module category whose objects are the finitely generated left A-modules.
Covering techniques had played an important role in the representation theory of algebras. In [5] , K. Bongartz and P. Gabriel introduced the concept of simply connected algebras with the aim of studying representation-finite algebras using covering techniques. Moreover, P. Gabriel reduced the problem of studying the representation theory of representation-finite algebras to the problem of studying the representation theory of its simply connected Galois covering.
In the representation-infinite case covering techniques are more difficult to handle. The case of polynomial growth algebras have been considered by A. Skowroński in [9] . On the other hand, selfinjective algebras have also been studied having into account covering techniques.
In this paper we shall consider triangular algebras, that is, algebras A = kQ A /I A such that Q A has no oriented cycles. More precisely, we are concerned with triangular algebras which admit a strongly simply connected Galois covering for a given presentation kQ A /I A of A. The main objective of this paper is to study their fundamental group. When the group G acting on the Galois covering A is free some nice properties hold.
In [6] , D. Castonguay and J. A. de la Peña introduced a class of algebras called algebras of the first kind respect to a given presentation kQ A /I A of A. They proved that for such algebras the fundamental group π 1 (Q A , I A ) is free. In order to get our main result we prove that if A is a triangular algebra which admits a strongly simply connected Galois covering for a given presentation kQ A /I A then A is of the first kind respect to such presentation. As a consequence we get that if there is a presentation of a triangular algebra which admits a strongly simply connected Galois covering then the fundamental group is free. More precisely, we prove Theorem A.
Theorem A. Let A be a triangular algebra which admits a strongly simply connected Galois covering for a given presentation kQ A /I A of A. Then, the fundamental group π 1 (Q A , I A ) is free.
This text is organized as follows. In section 1, we recall some preliminary results and we present two results due to I. Assem, S. Liu and Y. Zhang, (private communication). Section 2 is devoted to prove Theorem A.
1. Preliminaries 1.1. Locally bounded categories. Let k be an algebraically closed field. A k-category A is a category where for each pair of objects x, y of A, the set of morphisms A(x, y) has a k-vector space structure and where the composition of morphisms is k-bilinear.
We denote by A 0 the set of objects of the k-category A.
A k-category A is called locally bounded if it satisfies the following conditions.
(1) for each x ∈ A 0 , the endomorphism algebra A(x, x) is local; (2) distinct objects in A 0 are not isomorphic; (3) for each x ∈ A 0 , y∈A 0 dim k A(x, y) < ∞ and y∈A 0 dim k A(y, x) < ∞.
A quiver Q is given by two sets Q 0 and Q 1 together with two maps s, e : Q 1 → Q 0 . The elements of Q 0 are called vertices and the elements of Q 1 are called arrows. We assign to each arrow α ∈ Q 1 its start point s(α) and its end point e(α). We say that Q is a locally finite quiver if for any vertex a ∈ Q 0 there is a finite number of neighbours of a or equivalently, if there is a finite number of arrows ending at a and a finite number of arrows starting at a.
If A is a locally bounded category then there exists a locally finite quiver Q A and an admissible ideal I of the path category kQ A of Q A such that there is an isomorphism A ≃ kQ A /I, called a presentation of A. The pair (Q A , I) is called a bound quiver.
The category A is called triangular if the corresponding quiver Q A does not have oriented cycles.
For a basic background on representation theory we refer the reader to [1, 2] .
Contours and cycles.
We recall some notions from [3] . Let Q be a locally finite quiver. For each vertex a of Q, we denote by ε a the trivial path at a. For each arrow α of Q, we introduce a new arrow α −1 as its formal inverse with s(α −1 ) = e(α) and e(α −1 ) = s(α).
We shall write the sequences of arrows from left to right. We recall that a walk in Q is either a trivial path or a sequence w = c 1 · · · c r with c i an arrow or the inverse of an arrow. When s(w) = s(c 1 ) and e(w) = e(c r ) we say that w is a walk from s(w) to e(w).
A non-trivial walk w = c 1 · · · c n with s(w) = e(w) = a is called a cycle at a point a. Observe that it could be a non oriented cycle. We say that w is
for all 1 ≤ i < n and c 1 = c −1 n ; and that w is simple if s(c i ) and s(c j ) are pairwise distinct points, where 1 ≤ i, j ≤ n.
By a path p we mean an oriented walk, that is, when for all i = 1, . . . , n in p we have that p = c 1 · · · c n where c i are arrows with e(c i ) = s(c i+1 ) or they are all inverse of arrows with s(c i ) = e(c i+1 ) and in this case we write
1 . Moreover, in the first case, if s(p) = s(c 1 ) and e(p) = e(c r ) we say that p is a path walk from s(w) to e(w).
We say that the length of a path p is n if p is a sequence of n arrows or n inverse of arrows, that is,
1 . We denote it by ℓ(p). A non-trivial path p = c 1 · · · c n with s(p) = e(p) is called an oriented cycle.
A contour in Q from a vertex a to a vertex b is a pair (p, q) of two non-trivial paths from a to b. We say that a contour (p, q) is interlaced if p = p 1 p 2 and q = q 1 q 2 with (p 1 , q 1 ) and (p 2 , q 2 ) some contours, or equivalently if the paths p and q have a common point other than a and b; and it is called reducible if there exist paths p = p 0 , p 1 , . . . , p n = q in Q from a to b such that, for each 0 ≤ i < n, the contour (p i−1 , p i ) is interlaced. In this case, we say that p is reducible to q. Otherwise, it is called irreducible.
Next we show a contour (p, q) which is reducible and another which is irreducible. Example 1.1. (a) Let (p, q) be a contour in Q from a to b as follows
with p = p 0 = α 0 α 1 α 2 and q = p 4 = β 0 β 1 β 2 . Consider the paths in Q from a to b, p 1 = γ 0 γ 1 α 2 , p 2 = γ 0 ε 1 ε 2 and p 3 = β 0 δ 1 ε 2 . Then, p is reducible to q, since there is a sequences of paths
with p = p 0 = α 0 α 1 α 2 and q = p 4 = β 0 β 1 β 2 . Then, (p, q) is irreducible.
Let C = c 1 · · · c n be a reduced cycle. We write c 0 = c n and c n+1 = c 1 . By a source in C we mean a vertex a having two arrows starting in it. We define σ(C) to be the number of sources of C. Then C is an oriented cycle if and only if σ(C) = 0; and σ(C) = 1 if and only if there exists a unique 1 ≤ i ≤ n such that c i+1 · · · c n c 1 · · · c i = pq −1 with p and q some non-trivial paths. In this case, we say that C forms the contour (p, q).
Following [3] , we have the following definition of an irreducible cycle. Definition 1.2. Let C be a simple cycle of Q.
(1) If σ(C) = 1, then we say that C is irreducible if it forms an irreducible contour. (2) If σ(C) > 1, then C is reducible provided that there exists a path p from a to b (p : a b) with a and b vertices of C, and two reduced walks w 1 and w 2 from a to b such that C = w 1 w 2 , σ(w 1 p −1 ) < n and σ(pw
2 ) < n. In any other case, it is said to be irreducible. Next, we show an example of an reducible cycle. Example 1.3. Assume that Q is the following quiver:
where p is a path in Q from a to b. Consider the simple cycle C = w 1 w 2 with w 1 = α 0 α 1 −1 α 2 and w 2 = β 0 β −1 1 β 2 −1 . Note that w 1 and w 2 are reduced walks. Moreover, observe that C is not a contour, and that x and y are the only sources in C. Then σ(C) > 1. By Statement (2) of the above definition, we know that C is reducible, since σ(w 1 p −1 ) < 2 and σ(pw −1 2 ) < 2. 1.3. Homotopy. Let (Q, I) be a connected locally finite bound quiver. An element ρ = n i=1 λ i p i ∈ I(a, b), with λ i ∈ k and p i paths from a to b of length at least two, is called a minimal relation of (Q, I) if n ≥ 2 and for any proper subset J of {1, 2, . . . , n} we have that j∈J λ j p j ∈ I(a, b).
The homotopy relation ∼ on the set of walks of Q is the smallest equivalence relation satisfying the following conditions:
and s(w 2 ) = e(v). We say that a cycle is contractible if it is homotopic to a trivial path. Let x ∈ Q 0 be arbitrary. The set π 1 (Q, I, x) of equivalence classes u of closed paths u starting and ending at x has a group structure defined by the operation u.v = u.v. Since Q is connected then this group does not depend on the choice of x. We denote it by π 1 (Q, I) and we call it the fundamental group of (Q, I).
We write the composition from left to right. Definition 1.4. We say that a contour (p, q) is a torsion contour in (Q, I) if there is a positive integer n > 1 such that (pq −1 ) n is contractible. We say that the order of the contour (p, q) is n if it is the minimal positive integer n > 1 such that (pq −1 ) n is contractible.
1.4. Natural homotopy. Let (Q, I) be a locally finite bound quiver. Two paths p, q of (Q, I) from a point a to a point b are called naturally homotopic if p = q or if there exists a sequence of paths p = p 0 , p 1 , . . . , p n = q from a to b such that for each 1 ≤ i < n, we can write p i = u i v i1 w i , p i+1 = u i v i2 w i , where u i , w i are paths and v i1 , v i2 are non-trivial paths appearing in the same minimal relation of (Q, I). It follows immediately that the natural homotopy is an equivalence relation on the set of the paths in (Q, I) which is compatible with the compositions of paths. Moreover, two naturally homotopic paths are homotopic. The converse is not true, there are homotopic paths which are not naturally homotopic as we show in the next example. Example 1.5. Consider the path algebra given by the quiver Q α γ β with the ideal I =< αγ − βγ >. We observe that α and β are homotopic in (Q, I) but they are not naturally homotopic. In fact, αγ ∼ βγ then α ∼ β.
On the other hand, α and β are not naturally homotopic, since they do not have subpaths that form part of a minimal relation. 2 , σ(w 1 p −1 ) < n and σ(w 2 p −1 ) < n. Moreover both cycles w 1 p −1 and w 2 p −1 are naturally contractible non-oriented cycles.
Next, we show some examples comparing the concept of irreducible or/and contractible cycles. Example 1.7. (a). We present an example of a reducible contour which is not a contractible cycle. Consider the following quiver
with the relations α 2 α 3 = δβ 2 β 3 β 4 , β 1 β 2 ε = γ 1 γ 2 γ 3 and β 3 β 4 = εγ 4 . Let α = α 1 α 2 α 3 α 4 and γ = γ 1 γ 2 γ 3 γ 4 . We claim that (α, γ) is a reducible contour since it is interlaced. Observe that (α, γ) is not a contractible cycle since
. Next, we show an example of an irreducible contour which is not a contractible cycle. Consider the contour
without relations. Then (α, β) is irreducible but not a contractible cycle since α ∼ β where α = α 1 α 2 and β = β 1 β 2 .
(c). Let Q = (α, β) with α = α 1 α 2 and β = β 1 β 2 be the contour in (Q, I) as follows
where I is the ideal generated by the relation α 1 α 2 = β 1 β 2 . The given contour Q is irreducible and moreover is a contractible cycle because α 1 α 2 ∼ β 1 β 2 .
The following result is a direct consequence of the definition. 1.5. Strong simply connectedness. Let (Q ′ , I ′ ) and (Q, I) be locally finite bound quivers. We say that (Q ′ , I ′ ) is a convex bound subquiver of (Q, I) if for every points a, b of Q ′ , all paths from a to b in Q lie in Q ′ and I ′ (a, b) = (kQ ′ ) ∩ I(a, b). We observe that the above convex property does not depends on the presentation.
Let A be a locally bounded category. A full subcategory B of A is called convex if, for any path x 0 → x 1 → · · · → x t in (the quiver of) A with x 0 , x t ∈ B 0 we have that x i ∈ B 0 , for all 1 ≤ i < t. The category A is called triangular if its quiver Q A contains no oriented cycle.
A triangular locally bounded k-category R ≃ kQ/I is said to be simply connected if for every finite convex subcategory C of R and any presentation C ≃ kQ ′ /I ′ we have that the fundamental group of (Q ′ , I ′ ) is trivial, see [4, 5] and [8] . Definition 1.9. A triangular locally bounded k-category R ≃ kQ/I is said to be strongly simply connected if the following two conditions are satisfied:
(1) For every two vertices x and y in Q there are only finitely many paths in Q from x to y. (2) Every finite convex subcategory C of R is simply connected.
Next, we show an example of a simply connected algebra which is not strongly simply connected. and I be the ideal generated by αβ − γδ and αβλ − αβµ.
The algebra A ≃ kQ/I is triangular. Observe that Π 1 (Q, I) = 1. In fact, since αβ ∼ γδ then it is left to prove that µ ∼ λ. We know that αβµ ∼ αβλ then β −1 α −1 αβµ ∼ β −1 α −1 αβλ and therefore µ ∼ λ.
In order to see that A is simply connected we shall consider all possible presentations of A and prove that for each presentation the fundamental group is trivial. In this case, we have another possible presentation as follows; ϕ : kQ/I → kQ/I ′ with ϕ(I) = I ′ that maps α → α, β → β, δ → δ, γ → γ, µ → µ + aλ with a ∈ k and λ → λ. Let see that Π 1 (Q, I ′ ) = 1.
With this new presentation, we have that if we write µ ′ = µ+aλ then µ ′ ∼ λ. Indeed,
Hence, we conclude that µ ′ ∼ λ and therefore Π 1 (Q, I ′ ) = 1. Note that any other possible change of presentation is similar to the one analyzed before.
On the other hand, we observe that the algebra A is not strongly simply connected because there is a presentation of A ≃ kQ/I ′ that has a full convex subquiver of the following form µ λ which is not simply connected.
In case we deal with a finite dimensional triangular k-algebra A over an algebraically closed field k, Definition 1.9 coincides with the formulation if for any presentation A ≃ kQ/I as a bound quiver algebra, the fundamental group π 1 (Q, I) of (Q, I) is trivial, see [4] .
1.6. Galois coverings. Let A = kQ/I and A ′ = kQ ′ /I ′ . Let F : A ′ → A be a surjective map induced from a (surjective) quiver map F 1 : Q → Q ′ with kF 1 (I ′ ) ⊂ I. We say that F is a Galois covering defined by the action of a group of automorphisms G of the bound quiver (
There is a Galois covering F : A = k Q/ I → A = kQ/I defined by the action of π 1 (Q A , I). For any other Galois covering F ′ : A ′ = kQ ′ /I ′ → A, there exists a (Galois covering) map F : A → A ′ such that F ′ F = F . We illustrate the above information in the following diagram:
Moreover, the group H of automorphisms of A defining F is normal in π 1 (Q A , I) and π 1 (Q A , I)/H is the group of automorphisms of A ′ defining F ′ . Therefore, F : A → A is called the universal Galois covering of A with respect to (Q, I), see [8] .
1.7. On naturally contractible cycles. The following results (theorem and corollary) were proved by I. Assem, S. Liu and Y. Zhang in a private communication. For the benefit of the reader, we present their proofs here. Proof. Let A ∼ = kQ A /I A be a presentation of A. By [3, Theorem 1.3], every irreducible cycle of Q A is an irreducible contour that is naturally contractible in (Q A , I A ). To show that every contour in Q A is naturally contractible in (Q A , I A ), we shall recall the partial order on contours defined in [3] as follows. If (p i , q i ) is a contour from a i to b i , i = 1, 2, then (p 2 , q 2 ) ≤ (p 1 , q 1 ) provided that (p 1 , q 1 ) = (p 2 , q 2 ) or otherwise (a 1 , b 1 ) = (a 2 , b 2 ) and a 1 is a predecessor of a 2 while b 1 is a successor of b 2 . Let (p, q) be a contour in Q A . If (p, q) is minimal, then (p, q) is irreducible, and hence naturally contractible. Suppose that (p, q) is not minimal and every contour less than (p, q) is naturally contractible. If (p, q) is irreducible, then it is naturally contractible. Otherwise there exists a sequence of paths p = p 0 , p 1 , . . . , p n = q from s(p) to e(p) such that (p i , p i+1 ) is a interlaced contour for all 0 ≤ i < n. Write p i = u 1 u 2 and q i = v 1 v 2 with u 1 , u 2 , v 1 and v 2 non-trivial paths such that e(u 1 ) = e(v 1 ). Then (u 1 , u 2 ) and (u 2 , v 2 ) are two contours less than (p i , q i ). Therefore (u 1 , u 2 ) and (u 2 , v 2 ) are naturally contractible, and hence so is (p i , p i+1 ). This implies that (p, q) is naturally contractible.
Let now C be a simple cycle of Q. If σ(C) = 1, then C forms a contour (p, q). Hence C is naturally contractible by our claim. Suppose now that σ(C) > 1 and all simples cycles C ′ with σ(C ′ Proof. Let n be the minimal length of reduced cycles of Q. Let C be a reduced cycle. If C is of length n, then C is a simple cycle. Hence C is naturally contractible by Theorem 1.11. Assume that the length of C is greater than n. If C is a simple cycle, then it is naturally contractible by Theorem 1.11. Otherwise we may assume that C = C 1 C 2 , where C i are reduced cycles shorter than C. So each C i is naturally contractible by the inductive hypothesis. Hence C is naturally contractible by Lemma 1.8.
1.8.
Algebras of the first kind. Let A be a basic connected finite dimensional k-algebra with unit, over an algebraically closed field k. Consider an epimorphism of k-algebras ν : kQ A → A such that A ≃ kQ A /ker ν. Let (Q A , I ν ) be a presentation of A. For any A-module X we consider the convex full subcategory A(X) of A induced by those vertices in supp X. There is an induced presentation ν X : kQ X → A(X) given by the restriction of ν. An indecomposable A-module X is said to be of the first kind with respect to ν if there is a Bmodule Y such that F ′ λ Y = X for the push-down functor F ′ λ associated to the universal Galois covering F : B → B = A(X) with respect to ν X . Furthermore, an algebra A is said to be of the first kind with respect to ν X if for every vertex x in Q A and every indecomposable direct summand X of radP X , the module X is of the first kind. We observe that any representation-finite triangular algebra is of the first kind.
If A is a triangular algebra, that is, A = kQ A /ker ν where Q A has no oriented cycles then a vertex x in Q A is said to be separating if for the indecomposable decomposition radP x = M 1 ⊕ · · · ⊕ M s , there is a decomposition into connected components Q (x)
with t ≥ s, of the induced full subquiver Q (x)
A of Q A with vertices those y which are not predecessors of x, such that suppM i = {y ∈ Q A : M i (y) = 0} ⊂ Q i , for 1 ≤ i ≤ s.
Following [4] , the algebra A is separated if every vertex x in Q A is separating. We recall that a k-category A is schurian if dim k A(x, y) ≤ 1 for every couple of vertices x, y in Q A .
Finally, we state the main result given by the authors in [6] , since it will be useful for our further considerations.
Theorem([6, Theorem 2.3]) Let A be a triangular algebra of the first kind with respect to the presentation υ : kQ A → A. Consider the universal covering F : A υ → A. Then, the following conditions hold.
(1) The fundamental group π 1 (Q A , I υ ) is free.
(2) If A is schurian then A υ is separated. For unexplain notions in this subsection we refer the reader to [6] .
The main Result
The aim of this section is to prove our main result. We shall prove that given a triangular algebra A which admits a strongly simply connected Galois covering for a given presentation of A then the fundamental group associated is a free group.
We start this section proving some preliminaries results in order to get the main result. Proof. (a) Suppose that a is a sink and b is a source in γ. Then, we have the following situation:
Any source in γ which is different from b is a source in w 1 p −1 or a source in w 2 p −1 . Clearly, the sources in w 1 p −1 and also in w 2 p −1 are sources in γ. Thus,
Suppose that a is not a sink and that b is a source in γ. Then, the following situation holds:
The sources in γ which are different from b are either sources in w 1 p −1 or in w 2 p −1 . The vertex b is no longer a source in w 1 p −1 neither in w 2 p −1 . But, a is a source of one of the cycles w 1 p −1 or w 2 p −1 . Moreover, a is a source in both mentioned cycles if a is a source in γ. Clearly, all sources in w 1 p −1 and all sources in w 2 p −1 which are different from a are sources of γ. Thus, σ(w 1 p −1 ) + σ(w 2 p −1 ) = σ(γ). Now, suppose that a is a sink and that b is not a source in γ. Then, we may assume that we have the following diagram:
The sources in γ coincide with the sources in w 1 p −1 and also with the sources in w 2 p −1 . Hence, σ(w 1 p −1 ) + σ(w 2 p −1 ) = σ(γ).
(c) Suppose that a is not a sink and b is not a source in γ. Then, we have one of the following situations:
The sources different from a in w 1 p −1 and in w 2 p −1 are sources of γ. The vertex a is a source in one of the cycles w 1 p −1 or w 2 p −1 (both if a is a source in γ). Then, σ(w 1 p −1 ) + σ(w 2 p −1 ) = σ(γ) + 1. 
Proof. Assume that γ is reducible. Then, there exist two points a, b in γ, a path p : a b and walks w 1 and w 2 from a to b such that γ = w 1 w
Since A is triangular, the cycles w 1 p −1 and w 2 p −1 are contours and we have that σ(w 1 p −1 ) + σ(w 2 p −1 ) = σ(γ). By Lemma 2.1, we have that either b is a source or a is a sink. Therefore, F (b) = x or F (a) = y. Since for all vertex z of γ we have a path in Q A from x to y going through F (z), then we claim that in both cases, the path F (p) lies in a cycle. In fact, we have x F (a)
y. This yields the desired contradiction, since A is triangular. Hence, γ is irreducible.
We define the distance between two points x, y ∈ Q A as follows:
where ℓ(w) means the length of the path w. Note that the distance between two points in Q A is well defined since A is triangular. Now we prove a technical lemma useful for further considerations. 
where u 1 , u 2 , v 1 , v 2 , w 1 and w 2 are paths, F (x i ) = x, F (y i ) = y for i = 1, 2, 3,
Proof. Assume that γ is naturally contractible. Then, there exist vertices a, b in γ, a path p and walks δ 1 and δ 2 all of them from a to b such that γ = δ 1 δ −1 2 , σ(δ 1 p −1 ) < σ(γ) = 3 and σ(δ 2 p −1 ) < σ(γ) = 3. Moreover, δ 1 p −1 and δ 2 p −1 are naturally contractible reduced cycles. Since for all vertex z in γ there is a path from x to y in Q A going through F (z) and A is triangular then we may assume that F (a) = y and F (b) = x. Otherwise, if F (a) = y or F (b) = x, the path F (p) lies in a cycle getting a contradiction.
Then, a is not a sink in γ and b is not a source in γ. Since A is triangular, Q A has no oriented cycles and σ(δ i p −1 ) ≥ 1, for i = 1, 2. Then by Lemma 2.1, we have that σ(δ 1 p −1 ) + σ(δ 2 p −1 ) = σ(γ) + 1 = 4. Therefore, it follows from the fact that σ(δ i p −1 ) < 3, for i = 1, 2 that σ(δ i p −1 ) = 2, for i = 1, 2.
Without loss of generality we may assume that a is a vertex of u
Now, if b is in w 1 then we have a diagram as follows
then either one of the naturally contractible cycles δ 1 p −1 or δ 2 p −1 is a simple cycle of the form:
Then, Proposition 2.2 yields the desired contradiction. Now, if b is in u 2 , then Proposition 2.2 implies that F (a), F (b) / ∈ {x, y}. Since A is triangular, there exist paths
We claim that (F (p), q 2 ) is a torsion contour, where
Hence, we may assume that
By definition δ i p −1 ∼ 1 for i = 1, 2, since they are naturally contractible reduced cycles. Thus, F (δ i )F (p −1 ) ∼ 1 for i = 1, 2. Therefore,
Since (v, w) is a torsion contour then v −1 w ∼ 1. Hence, we infer that (F (p), q 2 ) is also a torsion contour because (F (p), q 2 ) is a contour such that (q −1 2 F (p)) 2 ∼ 1 getting a contradiction to the minimality of (v, w). Therefore, γ is not naturally contractible in ( Q A , I A ). 
where n is the order of the contour (u, v), u i : x i y i and v i :
Proof. Since (u, v) is a contour of Q A of order n then (uv −1 ) n ∼ 1. Moreover, there exists a reduced cycle γ in Q A of the desired form. It remains to prove that γ is simple. Suppose that γ is not simple. Then, there exists a vertex a which appears in γ at least two times. We analyze all the possible cases where such a vertex can appear in γ.
Case 1: Consider a = x i = x j with i = j. Without loss of generality we may assume that i < j. Then, in Q A we have the following situation:
Hence (uv −1 ) j−i ∼ 1, a contradiction to the fact that the order of (u, v) is n and i < j < n.
Case 2: Consider a = x i for exactly one i. Since a appears at least two times in γ, then there exist j = i and a path from x j to a in Q A .
Note that such a path induces a cycle in Q A since F (a) = F (x i ) = F (x j ) = x. This fact leads to a contradiction since A is triangular.
To analyze the others cases we can assume that F (a) = x. Similarly, we can also assume that F (a) = y.
Case 3: Consider a ∈ u i ∩ u j (or a ∈ v i ∩ v j ) with i = j. Since F (a) = x there exist two arrows α : b → a and β : c → a such that u i = w i αw ′ i and u j = w j βw ′ j . We may assume that b = c. Since F (u i ) = F (u j ) = u where u is a simple path and e(F (α)) = F (a) = e(F (β)) we have that F (α) = F (β).
On the other hand, e(α) = a = e(β). Thus, α = β a contradiction to our assumption.
Case 4: Consider a ∈ u i ∩ v j . Then, there exists a path p 1 : x F (a), p 2 : F (a) y and q 1 : x F (a), q 2 : F (a) y in Q A such that u = p 1 p 2 and v = q 1 q 2 .
Without loss of generality, we may assume that i = 1. Then, in Q A we have the following situation:
where p 1 1 , p 1 2 , q 
Observe that 1 < j < n. Thus, 2 ≤ j ≤ n − 1. Since (u, v) is a contour in Q A of order n, then we have that (p 1 , q 1 ) is a torsion contour contradicting the minimality of the distance of (u, v). Hence, we prove that γ is a simple cycle in Q A . 
Let (u, v) ∈ S be a contour in Q A from x to y with minimal distance d(x, y), that is, an element of S starting and ending in points such that their distance is minimal related to all the starting and ending points of the contours in S. We claim that (u, v) is reduced. In fact, otherwise there exist paths α, β, u ′ and v ′ in Q A such that u = αu ′ β and v = αv ′ β.
Note that either α or β can be trivial paths but not both. Therefore,
where (u ′ , v ′ ) is a torsion contour. This fact contradicts the minimality of (u, v).
Thus the contour (u, v) is reduced. Consider γ = uv −1 starting in x and suppose that the order of (u, v) is n with n > 1. By Lemma 2.4, we have a simple cycle γ in Q A of the form:
On the other hand, since A is strongly simply connected, by Corollary 1.12 we know that γ is naturally contractible in ( Q A , I A ).
Since, σ( γ) = n > 1 then there exist a path p : a b, and two walks w 1 and w 2 from a to b such that γ = w 1 w −1 2 and w 1 p −1 , w 2 p −1 are naturally contractible reduced cycles with σ(w 1 p −1 ) < n and σ(w 2 p −1 ) < n.
Therefore, there exist walks
2 . Observe that the cycle γ Fa is a cycle starting in F a , but the underlying graphs of both cycles γ and γ Fa are the same. Then, F (w 1 ) = γ r Hence in Q A we have the following reduced cycle C
where p ′ is obtained shifting p by the respective group element. By Corollary 1.12, we have that C is naturally contractible in ( Q A , I A ), a contradiction to Lemma 2.3. Thus, F (a) = x or F (b) = y.
Case 2: Consider F (a) = x or F (b) = y. We may assume that a is a vertex in u 1 . Then, we have to consider two cases if either b is a vertex in u i for some i = 1 or b is a vertex in v i for some i.
Let first analyze when b is a vertex in u i for some i = 1, otherwise if i = 1 then σ(w 2 p) = n a contradiction.
Since F (p) is a path in Q A from F (a) to F (b) and A is a triangular algebra then there are paths δ 1 :
We may assume that γ 1 = δ 2 and γ 2 = δ
This implies that (F (p), δ 2 ) is a torsion contour in Q A , getting a contradiction with the minimality of (u, v).
On the other hand, if b is a vertex in v i for some i, then there are paths
We can assume that γ 1 = η
a γ 2 , for some 0 ≤ r ≤ n − 1. Therefore, replacing γ 1 by η
and replacing γ 2 by η −1 1 ϕ 1 we get that
We conclude that (η 1 F (p), ϕ 1 ) or (F (p)ϕ 2 , η 2 ) are torsion contours a contradiction to the minimality of (u, v). Theorem 2.6. Let A be a triangular algebra admitting a strongly simply connected Galois covering for a given presentation kQ A /I A . Then, the fundamental group of (Q A , I A ) is torsion-free.
Proof. Suppose that π 1 (Q A , I A ) is not torsion-free. Let γ be a torsion element of the group π 1 (Q A , I A ) with σ(γ) minimum. Observe that γ is a cycle in Q A starting at the base point x of the group π 1 (Q A , I A ) and that γ n ∼ 1 for some n ≥ 2.
Consider A ≃ k Q A / I A the Galois covering of the fixed presentation of A. Then, there exists a cycle δ in Q A such that F ( δ) = γ n . Now, if γ is irreducible then by [3, Theorem 1.3] we infer that γ is a contour. Furthermore, γ n is also a contour. Thus, n = 1 a contradiction to our assumption. Then, γ is reducible. Since δ is not a contour there exists in Q A a path p : a b, two walks w 1 and w 2 from a to b such that δ = w 1 w −1 2 , σ(w 1 p −1 ) < σ( δ) = nσ(γ) and σ(w 2 p −1 ) < σ( δ) = nσ(γ). Then, there exist in Q A walks γ 1 and γ 2 from F (a) to F (b) such that γ F (a) = γ 1 γ Note that σ(γ F (a) ) = σ(γ). Suppose that σ(γ 1 F (p −1 )) = σ(γ F (a) ). Then, | σ(γ 2 F (p −1 )) |≤ 1. Since A is triangular we infer that | σ(γ 2 F (p −1 )) |= 1 and therefore γ 2 F (p −1 ) is a contour. Moreover, γ 2 F (p −1 ) ∼ γ s F (a)
. In fact, since w 2 p −1 is contractible due to Corollary 1.12, so F (p) ∼ F (w 2 ) where F (w 2 ) = γ −s F (a) γ 2 . Then w 2 p −1 ∼ 1. Therefore, γ F (a) ) s ∼ γ 2 F (p −1 ). By Proposition 2.5, we know that there is no torsion contour. This means that s = 0 and r = n − 1.
On the other hand, since F (w 1 p −1 ) = γ r γ 1 F (p −1 ) and σ(γ F (a) ) = σ(γ) then we have that σ(w 1 p −1 ) = σ(F (w 1 p −1 )) = rσ(γ) + σ(γ 1 F (p −1 )) = (n − 1)σ(γ) + σ(γ) = nσ(γ) a contradiction. Then since A is triangular, we conclude that σ(γ 1 F (p −1 )) < σ(γ). Since σ(γ) is minimal then γ 1 F (p −1 ) is not of torsion.
On the other hand, since γ 1 F (p −1 ) ∼ γ −r = sσ(γ) + σ(γ 2 F (p −1 )) = (n − 1)σ(γ) + σ(γ 2 F (p −1 )). Since σ(w 2 F (p −1 )) < nσ(γ) this yields that σ(γ 2 F (p −1 )) < σ(γ). Again by the minimality of σ(γ) we get that s = 0. Hence, we prove that s = 0 and r = 0. This implies that n = 1 a contradiction to our assumption, proving the result.
Corollary 2.7. Let A be a triangular algebra which admits a strongly simply connected Galois covering for a given presentation kQ A /I A . Then, A is of the first kind.
Proof. By the above theorem, if A admits a strongly simply connected Galois covering for a given presentation kQ A /I A of A, then the fundamental group π 1 (Q A , I A ) is torsion-free. Moreover, by [6, 1.8] since F λ preserves indecomposable modules then A is of the first kind.
By a result due to Castonguay and de la Peña given in [6] , it is known that if A is of the first kind respect to a given presentation kQ A /I A of A, then the fundamental group π 1 (Q A , I A ) is free.
Therefore we are in position to state our main theorem. Theorem 2.8. Let A be a triangular algebra which admits a strongly simply connected Galois covering for a given presentation kQ A /I A of A. Then, the fundamental group π 1 (Q A , I A ) is free.
